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For solutions of the wave equation outside a moving obstacle, the scattering 
operator exists if and only if the local energy decays to zero. 
We consider solutions of the ordinary wave equation q u = 0 for x E Q(t) C R3, 
-co < t < +a~, together with some boundary conditions. We assume the 
Cauchy problem is well-posed and the total energy is bounded. (Thus the 
motion of Q(t) must be slower than the wave speed.) We assume that iX2(t) has 
bounded diameter and that the local energy of any solution goes to zero as 
t + +co. Then the scattering operator S exists (or, in other terminology, the 
wave operators are complete.) S is defined as the operator f- +f+ where u+ 
and u- are free solutions (solutions in all space) such that u*(O) =f* and the 
total energy of u+(t) - u(t) tends to zero as t -+ &co. We also prove a converse. 
The proofs are based on a series of lemmas which are almost identical with those 
used to prove exponential decay in [6] and [2]. 
For an arbitrary fixed obstacle, Lax and Phillips [4] proved the local energy 
decay and the existence of S. The present paper is one of a series on moving 
obstacles by J. Cooper and the author. A class of motions satisfying the present 
hypotheses is described in [2]. Cooper proved the existence of S for those 
motions (unpublished). The outgoing radiation condition is studied in [I]. 
Spectral and translation representations of S are described in [3]. 
Let Q be an open subset of R4. We write (x, t) = (x1 , xa , x3, t) E R3. Let 
Q(t) = (x E R3 1 (x, t) E Q]. Let O(t) = {x E R3 / (x, t) $ Q}. Let B(y, r) = 
{X E R3 1 1 x - y / < r}. The following geometric assumption means that the 
obstacle B(t) remains in a ball of fixed size which moves at a speed strictly slower 
than speed one. $ q 
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(G) There exist constants 01 < 1 and d < cc and a mapping Z: R -+ Rs 
such that, for t, s E R, 
o(t) C BW), 4, 
, z(t) - z(s)1 < (y. ; t - s ‘. 
For convenience we assume z(O) = 0. 
Define .Z? as the completion of the set of pairs f = [fi ,fa] with fr and fi E 
CF(R3) with respect to the energy norm 
llf /I2 = 2E[fl = j--$ (1 Vfi I2 + Ifi I”> dx. 
X is a Hilbert space. In fact, .X = {[Jr , f2] / fi ELM, Vfl E L2, fi E L2}. Define the 
local energy as 
GUI = 4 j-B (1 Vfi I2 + If2 I”> dx 
for f E &5’ and B a measurable subset of R3. 
We consider the problem 
*tt = AU in Q 
u=o on the boundary of Q. 
(1) 
It is convenient to consider (1) as a system of two equations of the first order in t, 
to consider weak solutions of (1) and to extend the solutions to be zero in the 
complement of Q. 
DEFINITION. A so&ion of (1) in a time-interval I C R is a function u: I --f S 
such that 
6) u is continuous 
(ii) &/at = (z A) u in Q in the sense of distributions 
(iii) the support, supp(u), of u is contained in Q. 
We also define a free solution as a function satisfying (i) and (ii) in all space 
Rn+l. Its first component is a solution of the wave equation in Rn+l without an 
obstacle. The mapping of Cauchy data u(s) -+ u(s + t) is denoted as Uo(t), 
which is a group of unitary operators on X. 
The following assumption expresses the well-posedness of the Cauchy problem 
forward in time with the total energy remaining bounded. 
Assumption (CT), . If s E R and f E X with supp(f) C ?@, there exists a 
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unique solution u of (1) in the time interval [s, oo) with u(s) = f. There exists a 
constant k > 0, independent of s, t and f, such that 
%4)1 G k@441 for t > s. 
By (CP)- we mean the same assumption for t < s. 
The next assumption expresses the feeble local decay of the solution as 
t++co. 
Assumption (LD), . For any solution of (1) in an interval [s, co) with U(S) of 
compact support in Q(s), we have 
)j,mm inf{EB(,(,),,,,+,)[u(t)l + ~im~,d,+dMt + 4)1> = 0 
where d1 = 2d/(l - CX). 
THEOREM 1. Assume (G), (CT), and (LD), . For all f- E 2, there exists a 
unique solution u of (1) in (- 00, CQ) and there exists a unique f+ E X such that 
-wwf* - u(t)1 - 0 as t--+-&co. 
Remarks. (1) (LD), is really not so complicated as it appears. For an 
obstacle which remains in a bounded set, O(t) C B(0, d), it simplifies to 
If the standard energy inequality is valid, the second term is no greater than the 
first term, so that it further simplifies to 
lim inf EB(0,5dj[u(t)] = 0. 
t++CC 
(2) For a fixed obstacle, Q = D(t) independent of t, (CP), is satisfied, the 
total energy is constant, k = 1, and it is a theorem of Lax and Phillips [4], [5] 
that (LD), is valid for any obstacle with smooth boundary. 
(3) A class of moving obstacles satisfying (CP), and (LD), is presented by 
Cooper and Strauss [2]. For that class, a much stronger version of (LD), is valid: 
the lim inf is a limit at an exponential rate and this rate is uniform within a large 
class of solutions. Such an obstacle does not trap energy. 
(4) In (LD), no uniformity is assumed about the rate of decay. 
(5) A sufficient condition for (LD), to be valid is that 
I m Gwt).2dl+dMt)l f(t) dt < KJ 
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for some non-negative, non-integrable function f, (Indeed, (G) implies that 
while (1 + a) dr + d < 2d, + d. So both terms in (LB), are integrable when 
multiplied byf(t). So they could not be bounded away from zero as t - co.) 
(6) The theorem is valid without change for odd dimensions 3 3. It is also 
valid for the Neumann and other standard boundary conditions with only a slight 
change of proof; see [6] for a similar situation. We believe that it may be valid for 
even dimensions as well, but we have not worked this out. 
(7) We define the scattering operator S, referenced at time 0, as the 
mapping f- d-f+ . Then S is a linear operator on H of norm < P/2. If (CP) 
and (LB- are also valid, then S is one-one and onto. 
THEOREM 2. Assume (G) and (CP) i- Then the following statements are
equivalent. 
(a) For each solution of (1) in an interval (s, co), and for each ball B C Rn, 
E,[u(t)] -+ 0 as t ---f f 00. 
(b) (Jw+ . 
(c) For each solution of (1) in an interval (s, XI), there exists f+ E X such that 
E[u(t) - UJt)f+] ---f 0 as t - +rx). 
If we assume (CP)) as well, then the following statement is also equivalent. 
(d) Consider the space Y of solutions of (1) in (- a3, m) provided with the 
norm I\ u(O)jl. Then the class of solutions which vanish in forward cones is dense 
in 9. 
LEMMA 1. Let f E X with supp(f) C Q(0) n B(z(O), d,). Let u be the solution 
guaranteed by (CP), with u(0) = f. Let s 3 0 and 
t > s + d/( 1 - a) > d&l - a). 
Then Uo(t - s) u(s) vanishes in B(z(t), (1 - a)(t - s) - d). 
Proof. Define w(t) = U,,(t - s) u(s) for t 3 s and w(t) = u(t) for 0 < t < s. 
Then w is a solution of the wave equation in R3 x [0, co) except in the set 
H = {(x, t) 1 j x - z(t)1 < d, 0 < t < s}. 
Therefore w vanishes except in I u I, , where I is the domain of influence of H 
and I,, is the domain of influence of the initial datum f. We claim that 
I,, n B@(t), (1 - LX) t - d,,) = o 
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and 
I n B(z(t), (1 - ct)(t - s) - d) = 0. 
Since the second ball is smaller than the first, it does not meet I u 1s and hence 
w vanishes in it. 
To prove the claim, let (x, t) E I,, . Then there exists y E supp(f) C B(z(O), d,,) 
such that 1 x - y / = t. Hence 
/ x - z(t)1 3 / x - y 1 - 1 y - z(O)1 - / z(0) - x(t)1 
> t - d, - at = (1 - a) t - dO . 
On the other hand, if (x, t) E I, there exists (y, T) E H such that 1 x - y 1 = 
t - 7, / y - Z(T)] < d and 0 < T < s. Hence 
I x - z(t)1 >, I .T - y I - i y - Z(T)1 - I Z(T) - z(t)1 
3 t - T - d - oi(t - T) = (1 - a)(t - T) - d. 
LEMMA 2. Let u be as in Lemma 1. Dejke 
as(t) = u(t) - Uo(t - s) u(s). 
for t > s 3 0. Then 
(a) v,,(t) = wsl(t) + Uo(t - s2) ws,(s2) for t 3 s2 2 $1 . 
(b) US(t) has support in B(z(s), t - s + d). 
(c) vS(t) is a solution of (1) for t > s + 2d/(l - a), provided s >, (dO - d)/ 
(1 - a). 
Proof. (a) By the group property of U, , 
us,(t) = u(t) - Uo(t - s2) 4s2) 
= [u(t) - U&t - 4 441 - wt - s2Ms2) - U&2 - 4 441 
= %,W - UC& - s2) ~&2). 
(b) By definition, a, has zero Cauchy data at t = s and it is a solution of 
the wave equation outside the obstacle. Therefore X, has its support within the 
domain of influence of {(x, s) I / x - x(s)1 < d}. (b) follows. 
(c) By assumption, the ball B(z(t), (1 - a)(t - s) - d) contains the ball 
B(z(t), d). By Lemma 1, as(t) = u(t) in the larger ball. Hence vu, = u in a 
neighborhood of the obstacle for t > s + 2d/(l - a). On the other hand, vu, 
satisfies the wave equation outside the obstacle. (c) follows. 
LEMMA 3. Let u be as in Lemma 1. There exists f+ E 2 such that 
a4t) - vAt)f+l -+ 0 as t++cO. 
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Proof. Let T > max(O, (da - d)/(l - a)). Let T* = T + dl, where di = 
2d/(l - a). By L emma 2(b), vr( T*) has support in the set 
I= W(T), 4 + 4 C W@‘-*), (1 + 4 4 + 4. 
By this fact, 
II vdT*)l/ = J%%T(T*)I 
< E:‘“[u( T*)] + E:‘“[ U,(d,) u(T)]. 
The last term is less than Eli2 B(z(Tj,2dl+dJ[~(T)] by the standard energy inequality 
for free solutions. By (LD), there is an increasing sequence of times TV + + co 
such that this expression tends to zero. We may assume T,,, 2 TV + 2d, . Thus 
we have proved 
Ij vr,(Ty + 2d,)lj -+ 0 as v - co. 
By (CP), we have 
,>=lf2, II v&)ll * 0 as v -+ a. 
1 
In particular, for TV > v and any t E R, 
II Uo(t - T,J Ww) - Udt - Tv) +“Jll 
= II u(T,J - hG’-‘,, - Tv) 4Tv)lI = It +,V,JII + 0 
as v --+ co. Let f+ = lim U,(- TV) u( TV). Thus f+ E .?I?. For any t 3 T, + 2d, 
we have 
II U(t) - udtlf+ il 
d II u(t) - Uo(t - Tv) 4Tv)II + II W - TJ G’J - U,W+ II 
= II +,(t)ll + II U&-T,) UP,) -f+ II 
< W2 I/ +,,(Tv + 24)/l + II Uo(-T,> u(C) -f+ II 
This expression tends to zero as v -+ 00. 
LEMMA 4. (existence of the wave operators) Assume (CP), . Let f- E Z with 
supp( f-) compact. Then there exists a solution u of (1) defined for all time such that 
JO(~) - Q(t) f-l --+ 0 as t-b-m. 
This solution vanishes in a backward cone. 
Proof. Let supp(f-) C B(0, R). Th en the support of u-(t) = Uo(t)f- does 
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not meet B(0, / t / - R). For t < -(d + R)/(l - a) = T and j x - z(t)1 < d, 
we have 
1 x I < d + 1 z(t)\ < d - at < -t - R. 
So B(0, -t - R) 3 B(z(t), d) 3 O(t). S o u-(t) vanishes in a backward cone 
which is a neighborhood of U(t) for t < T. S o U- is also a solution of (1) in the 
time interval (-co, T]. By (CP), it may be extended to a solution u of (1) for 
all time. Thus u(t) = u-(t) for t < T. 
Proof of Theorem 1. Let j- E &‘. Let j-“” + j- in Z& with each j-?)* of 
compact support. For fixed m, let u ls be the solution of (1) such that 
I I u”(s) - b(s) f-m Ii - 0 as s-+--co, 
by Lemma 4. Then 
II u”(s) - Un(s)ll < II Qw - w4f-m II + IIf-” -f-” II + II u”(s) - Uci4f-n II. 
Hence, by (CP), , 
sup E[u”(t) - zP(t)] < k hla E[zP(s) - U”(S)] < kE[j_‘” - j-n]. 
t 
Thus u = lim ZP is also a solution of (1) for all time and 
sup Q”(t) - u(t)] < kE[j_“” -j-l. 
Since 
II 44 - G(4f- II < II 44 - ~“(~)lI + II @w - ~o(~)f-m II + IIf-” -.f- IO (2) 
II 4) - ~&>f- II - 0 as s - -co. By Lemma 3, there exist j+” E &’ such that 
II u”(t) - Uo(t)f+m !I - 0 as t-+03. 
Since 
IIf+‘” - f+” II < II G(t)f+m - 40 + II u”(t) - W)ll + I/ u”(t) - U&> j+” II, 
If+“} converges in 2. Let j+ = limj,?“. By (2) with s replaced by t, 
II@)- u,(t)j+ll-oast++oo. 
It remains to prove the uniqueness of u and j+ . If u and v were two such 
such solutions of (1) with the same j- , then E[u(s) - v(s)] + 0 as s -+ - co. 
BY (CP), , 
-G(t) - v(t)1 < w44 - VW1 for t >, s. 
Therefore E[u(t) - v(t)] = 0 for all t, so that u = v. On the other hand, if j+ 
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and R+ were two elements of &‘, both asymptotic to the same II at time -c- GO, then 
&f+ - g+l = E[Uo(t)f+ - uowg+1 - 0 
as 2-+ $-co. Hencef, =g+, 
Proof of Theorem 2. (a) a (b) IS o VIOUS. (b) =- (c) is Theorem 1. To prove b . 
(c) + (a), let u be a solution of (1) in (s, CD) and let B be a ball in R’L. Letf+ be as 
in (c). Let .f+“’ -+ f+ in Z’, f+‘” of compact support. Then 
Ep[U(t)] $ E;‘z[U&)f+rt7] + IIf-“” -f+ /I + (~ L:o(t)f+ - u(t)l,. 
Fix m so that the middle term on the right side of this inequality is less than E. 
For t large enough the last term is less than E while the first term is zero. 
Now assume (CP)) . Assume (a), (b), (c). Let u E 9’. Let f+ be as in (c). Let 
f+” be as above. By Lemma 4 with the time reversed, - rx, replaced by -+- so, 
there exists ZP E 9 vanishing in a forward cone such that 
Then 
E[tP’(t) - Uo(t)f+m] -+ 0 as t -+ + co. 
;/ tin’(t) - U(t)11 < i P(t) - Uo(t)f+” /I + E + 1; Uo(t)f+ - U(t)11 < 26 
if t is chosen sufficiently large. By (CP)) , u”“(O) - u(0) in 2’. This proves (d). 
Finally assume (CP)) and (d). Let u be a solution of (1) in (s, co) and let B be 
a ball in R”. By (CP)- , u can be extended to a solution in (-CO, co). By (d), let 
ZP be a solution which vanishes in a forward cone (1 x 11 < t - c,,~) such that 
@P(O) - u(O)] < E. Choose t so large that B C {X i ~ x‘ ~ < t - c,,]. Then 
E&i(t)] = E&(t) - u”“(t)] < KE 
by (CP),. . Thus EB[u(t)J + 0 as t + +co. This proves (u). 
Note added in proof. In Assumption (LD), the second term can be removed (cf. 
Lemma 5 in [3]). 
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